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Abstract 
A simplified analytical modelling of tangential contact interaction of two elastic spheres was presented accounting for the kinematically 
induced sphere trajectory or a load controlled sliding process. The evolution of driving force in combined slip and finite sliding 
interaction was considered for both monotonic and reciprocal sliding motion. The analytical formulae and diagrams for the evolution of 
driving force along the sliding path in terms of the main contact geometry parameters were specified. The sliding trajectories and contact 
tractions were also determined. The analytical formulae were briefly presented for prediction of the tangential restitution coefficient and 
time of contact. The results presented can be applied in the experimental testing of frictional response of contacting bodies, wear studies 
of rough surfaces or in the contact interaction analysis of granular material during flow. The results can also be relevant for development 
of the discrete element method widely applied in simulation of granular material flow, where the sliding regime conditions prevail in 
intergranular contact interactions. 
© 2013 The Authors. Published by Elsevier Ltd.  
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1. Introduction 
The static and dynamic response of the contacting material elements is of fundamental importance in various fields of 
engineering applications. In particular, a flash temperature analysis at contact interface, wear modeling or DEM simulation 
require a detailed understanding on the interactions between two individual grains under various external actions. 
The pioneering analysis of the sphere-sphere contact interaction was developed by Hertz. Following the theory of elastic 
contact, an approximate solution was derived for the normal impact of elastic bodies in terms of the non-linear relationship 
between the normal force and overlap between the contacting spheres. 
The contact interaction of two elastic spheres under normal or oblique loading and torsional couple has been later studied 
by [1–6].  
A well known Mindlin-Deresiewicz (M-D) theory can be applied particularly for the slip regimes occurring for a very 
small range of tangential displacement between the contacting sphere centers. A general analytical M-D solution confined to 
the slip regime of two contacting spheres under normal and tangential forces is still incomplete as the subsequent sliding 
regimes occurring for larger displacement values require a separate treatment.  
For an oblique loading, only the contact slip regime was studied with a sticking (adherence) zone, in the central part and 
the slip zone in the outer part of contact area. The sliding regime occurs when the slip zone develops within the whole 
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contact area. For a cyclic variation of the tangential force, the progressive and reverse slip zones are generated and the 
hysteretic deformation response is accompanied by the consecutive evolution of loading, unloading and reloading slip zones 
from the boundary of the contact zone. 
A representation of slip memory rules by the loading surfaces in the analysis of frictional slip interaction of an elastic 
strip with a rigid foundation and in contact interaction of two elastic spheres under oblique loading was discussed by 
Jarzębowski and Mróz [7]. Both proportional and non-proportional loadings in N−
~
T  space was considered and 
represented as an evolution of loading surfaces. The memory diagrams for two spheres contact interaction under the oblique 
loading was also discussed [8]. To simulate the oblique impacts including the adhesion, Mindlin and Deresiewicz theory 
was also extended [9].  
Following the Hertzian contact law, the duration of contact of two identical spheres under normal loading, is proportional 
to the radius of the sphere and inversely proportional to the initial velocity raised to power 1/5.The accuracy of the Hertz 
model was demonstrated by the FEM analysis [10].  
During contact interaction the loss of kinetic energy occurs. In the case of normal impact for elastoplastic spheres, the 
dissipation of kinetic energy occurs mainly due to plastic deformation, while the energy loss due to stress wave motion is 
very small [11].  
The coefficient of tangential restitution (i.e., ratio between velocities at the end of contact and its initial value) for the 
dissipative collision of frictional viscoelastic spheres was semi-analytically investigated by Schwager et al. [12]. Thornton 
[13] proposed a theoretical model for the collinear impact of two elastic-perfectly plastic spheres and derived the coefficient 
of restitution for the collinear impact. Recently, the energy absorption in compression and impact of dry elastic-plastic 
spherical granules has been theoretically and experimentally analysed by Antoniuk et al. [14].  
When the sliding regime develops under the fixed normal load N and the increasing tangential load T, the central sticking 
zone is erased, and sliding occurs along the whole area of contact. For a specified trajectory of the sphere center, both N and 
T vary and the contact zone changes its size and orientation, when moving along the boundary of the fixed sphere.  
For the sliding regimes, the M-D theory is not appropriate and the present analysis provides a brief set of relations 
specifying the combined slip and finite sliding contact interaction of two spheres under the displacement and force 
controlled processes.  
2. Sphere sliding: a displacement control  
The explicit solution within the continuum mechanics formulation is not available and only the numerical incremental 
procedure can be applied to simulate the sphere sliding under the imposed displacement controlled process. Hence, we 
develop a simplified model using the normal contact traction specified by the Hertz law in terms of the contacting spheres 
overlap geometry and material characteristics. Meanwhile, the tangential contact traction is defined by the sliding friction 
rule.  
In view of M-D theory, the transition from the slip to the sliding mode can be specified by requiring 
( )tan 2 tan
4
u
μ
ϕ ≥ + ν = ϕ  (where φ  is the angle between the linear trajectory of the contacting sphere and the radial 
segment O1O2 (Fig. 1), μ  is the coefficient of friction and ν  is the Poisson’s ratio).  

Fig. 1. Slip, sliding and separation domains for the linear sliding paths of two identical spheres 
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According to Fig. 1, the slip domain for linear trajectories issuing from the sliding sphere center O1 is a conical domain 
with its vertex at O1 and tangential to the sphere of radius sR and center at O. The external domain specifying the sliding 
regime is bounded by the plane normal to OO1. The contact separation occurs for the paths emanating from O1 in the 
exterior of slip and sliding domains.   
Consider the case of sliding regime of two contacting spheres. Assume the lower sphere to be fixed at point O and the 
upper sphere center O1 to be attached to a certain moving tool imposing the translation along the linear path O1O2 with the 
velocity 0( )sv t  (Fig. 2). 
 
Fig. 2. Contact engagement (point A) and separation (point C) for a linear path O1O2 of the contacting sphere 
For the linear path of two spheres with the same radii the contact sliding path runs linearly. For the case of two spheres of 
different radii, the sliding path at the contact surface takes a curved shape (Fig. 2).  
For both cases, the overlap 1 2t t th h h= +  corresponding to the sliding path evolution angle αt, developed at time t, can be 
specified as 
 ( ) 1 ,
cos
r
t t
t
k
h R
⎛ ⎞
α = −⎜ ⎟
α⎝ ⎠
∑   [ ],t u uα ∈ ±α α∓  (1) 
where: 1 2R R R= +∑ , 
0
ucosr
y
k
R
= = α
∑
. 
The radii of contact centers are as follows 
 ( ) 01 ,2 1
1
cos ,
2 cos
t t t t
t
y
r C
⎛ ⎞
α = ± α⎜ ⎟
α⎝ ⎠
 (2) 
where 
2 2
1 2
1
0
R R
C
y
−
= .  
The curved sliding path at contact surfaces for two spheres of different radii is as follows 
 ( )
( ) ( )( )
( )
2
1 arcsinh
, ,
2 2
t t t t t
t t t
t
x y x y x
s x y
y
+ κ κ
= +
κ
  (3) 
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when the radii 
21
RR → , then  const
0
=→ yy
t
, ( )
ttt
xyxs →
0
,
~ , and the curved sliding path becomes the linear path. 
The resultant of vertical and horizontal contact force tractions are predicted by formulae: 
 
( ) ( )
( ) ( )
*
0
*
0
cos sin ,
sin cos ,
t t t t
t t t t
N N T
T N T
⎧ α = α α − α⎪
⎨
α = α α + α⎪⎩
 (5) 
where: ( )( ) ( )0 sign s tT v t t N= − + Δ μ α  is applied for a loading regime, while 
( ) ( )0
rld
tunl
T T= α  is used for the unloading or 
re-loading program, ( )
3 2
3 2
1
cos
r
t n
t
k
N k R
⎛ ⎞
α = −⎜ ⎟
α⎝ ⎠
∑  is the normal to contact traction via Hertz theory, 
effeffn REk
3
4
=  is the contact stiffness, effE  and effR  are the effective modulus of elasticity and radius of two contacting 
spheres. For prediction of the resultant contact forces normal and tangential to the curved sliding path, the angle 
( )( )
3
1
2
0 1
2 sin cos
arctan arctan
cos cos2
t t
t t t t t
t t
C
x y
y C
⎛ ⎞α α
β =α − κ =α − ⎜ ⎟
⎜ ⎟+ α α⎝ ⎠
 should be substituted for 
t
α  into Eq. (5). 
In Fig. 3, the resultant force diagrams using (5) are presented for a rightward sliding of the upper sphere of different 
radii. Here, the unit values for effEk 3411 == , m11 =R , the friction coefficient 6.0μ =  and the Poisson ratio ν = 0.33 
were assumed. 
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Fig. 3. Contact forces-path 
t
s  diagrams for a rightward motion of the upper sphere of different radii (h0 = 0.05R1) 
As can be seen in Fig. 3, the force diagrams are not symmetric with respect to the nominal plane 0~ =
t
s . The asymmetry 
is produced by the contact normal vector rotation along the curved sliding path.  
The force path diagrams for a partial sliding combined with the reverse motion inducing loading-unloading-reloading 
regimes with/without account for the slip are plotted in Fig. 4 for the spheres of equal radii in contact. Here, the power 
function similar to that applied in M-D theory is used describing unloading forces 
( )( )
t
rld
unl
T α .  
In Fig. 4, the contacting sphere undergoes a leftward motion ( ( ) 0
0
<tv
s
) and comes into contact at the point position 
u
s . 
Later, at the point 0
1
<
t
s  the direction of velocity changes, inducing the reverse motion. In this case, the unloading regime 
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develops and tangential force curve suddenly (denoted by dashed lines) drops down or following the slip curve gradually 
moves along the reversal sliding path. The unloading regime ends at the sliding path coordinate 0
2
>
t
s  and the reloading 
regime develops under the negative velocity. 
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Fig. 4. A partial sliding combined with the reverse motion for the loading-unloading-reloading regimes on (N*, T*) plane 
The following formula was derived analytically for the restitution coefficient in tangential direction of the linear path (a 
case of 
21
RRR == ) 
 
( )
( ) ( ) ( )( )5 2
2
0
16 2
1 1 3 4
3
s n r r r
s
e k k R k k K k E k
mv t
= ± − μ + + − ,  (6) 
where: 
2
1
1
r
r
k
k
k
−
=
+
, m is the mass of the moving sphere during contact, ( ) ( )kFkK ,1=  and ( )kE  are the first and second 
kind complete elliptical integrals, respectively. 
3. Sphere sliding: a force control  
Consider the sliding of two rigid spheres of equal radii under the applied driving force 0T . Suppose the lower sphere is 
fixed, and the upper sphere initially rests on the horizontal plane at position y1 (Fig. 5). The normal vector of contact is 
located at point 
u
x−  and is inclined to the y-axis at the angle 
u
−α . The gravity force Q is initially equilibrated by the 
supporting plane reaction. When the horizontal driving force 0T  is applied, the sphere separates from the plane and the force 
equilibrium is reached for the developed contact normal and tangential forces N and T. The sliding regime develops 
instantaneously, when the driving force 0T  reaches its limit value 0T Tμ=  (where Tμ  is the resultant horizontal force). 
When the spheres are rigid, the sliding path lies on the fixed sphere surface and for plane motion it is a perfect circular path 
of radius R.  
Since the sphere sliding the orientation angle 
t
α  of the contact normal vector varies. The case of 0
0
>T  indicates the 
rightward motion with a positive velocity 0>
s
v . In this case, the sphere path starts at the angle 
ut
αα −= (Fig. 5). For 
0
0
<T , a leftward motion ( 0<
s
v ) is obtained with the sliding path starting at 
ut
αα = . 
The equilibrium of vertical and horizontal forces yields: 
 ( ) ( )( )0 stan sign v ,t tT T Qμ= α = − α − ϕ  (7) 
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2 2
s
cos
cos ,
cos sign v
t t
t
N Q T Q
μ
ϕ
α = = ϕ α +
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 (8) 
where: arctanϕ = μ , ( )
t
N α  is the positive contact  reaction, while ( )tTμ α  is the limit friction force. 
 
Fig. 5. Contact geometry and acting forces for two spheres during sliding under the force control 
The relation (7) can be simply illustrated in the plane ( )QT ,
0
, (Fig. 6). The limit friction for the fixed angle φ  and 
varying angle 
t
α  is represented by the Coulomb cone with its axis oriented at the angle 
t
α  to the Q-axis. The initial contact 
is presented in Fig. 6 a, for the contact orientation angle 
u
α . During sliding the orientation angle decreases and becomes 
negative; so, the contact separation point P
s
 is reached, for φα −=f  (Fig. 6 b). 
 a) 
 
 b) 
Fig. 6. Limit friction conditions: a) initial contact configuration, b) contact separation 
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When μ0 TT > , the upper sphere start to move relative to the lower fixed sphere. From Eqs. (7–8) (see, also Fig. 7) the 
static friction force had its maximal value at the contact engagement, i.e. ( )
u
sTT ±=
μμ
, next decreasing in the course of 
progressing along the sliding path. Thus, the upper sphere can accelerate with time and its tangential velocity ( )tv
s
 varies 
with time. During the upper sphere plane motion relative to the fixed undeformable sphere along a perfect circular path of 
radius R, the orientation of tangential velocity vector 
s
v

 varies in time yielding the change in velocity 
s
v

Δ , which induces 
the centrifugal acceleration 
n
a

 pointed toward the center of the circular sliding path. Application of D’Alambert principle 
for Eqs. (7–8) for solution of equation of motion yields the approximate formula for time of spheres being in contact: 
 
( )( ) ( )( )
( )
( )
( )
0
2
0 0
arccos
2 1 ,
,
cos
t cs s t
t t
c
t
R y R
R m b s F s k
t
b s R W Rc
=
±
− ψ
= ±
− −
 (9) 
where: ( )( )2 2 201c T Q= + μ + , ( ) ( )0sint tb s b s R= − , ( )( )0 0arcsinb Q T c= +μ , ( ),F kψ  is the first kind 
incomplete elliptical integral, in which the complex values of the elliptic modulus and the amplitude are 0
0
W Rc
k
W Rc
+
=
−
 and 
( )
( )0
0
t
t
W Rb s c
s
W Rc
+
ψ =
+
, respectively. 
The final path coordinate at which the contact separation occurs is determined by the following root: 
 ( ) ( ){ },c t s t stat ts s v s R N s R m∈ =  (10) 
where ( ) 0 sin cosstat t t tN T Qα = − α + α .  
In the case of deformable spheres, the constant vertical load Q is applied first, and next the horizontal force 
0
T  is 
increased monotonically. For μ0 TT ≤ , the slip regime occurs and the resultant tangential force induces a small tangential 
displacement between the contacting sphere centers. When μ0 TT > , the sliding regime develops, and the sphere slides 
over the contact surface. Application of M-D theory was implemented for the slip regime, and the above Eqs. (7–8) were 
used for the sliding programme. In this case, the solution was performed incrementally.  
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Fig. 7. Friction force vs. the horizontal component of slip and sliding path 
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The results obtained with comparison to those given from the experimental measurements [15] are illustrated in (Fig. 7). 
A low value of the vertical force Q equal to 0.98 N was applied. Later, the horizontal force is introduced to obtain the 
sliding regime. The measured coefficient of friction μ was approximately equal to 0.68 (steel spheres), 0.22 (lubricated steel 
spheres) and 0.4 (pea grains). 
As can be seen in Fig. 7, the theoretical and experimental friction force evolutions vs. the horizontal sliding path 
component are sufficiently adequate. However, at the contact engagement, where the slip regime dominates, the 
experimental and theoretical predictions differ (Fig. 7). The slip regime curves are almost vertical and their values are 
smaller than the accuracy level of measured displacements. This difference may be attributed to the initial contact surface 
shape imperfections, combined with development of localized inelastic deformations. On the other hand, during sliding 
regime the model prediction is fairly close to the experimental data.  
4. Conclusions 
A well known M-D theory may be applied only for the partial slip regimes resulted from very small range of tangential 
displacements. For the sliding regimes, mainly present for the various granular material flow processes, the M-D theory is 
not appropriate and the current analysis provides a brief set of relations specifying the sphere motion. Further applications 
and extensions of the analysis can be envisaged to other problems, such as a) rough contact surface interaction, b) wear 
analysis, c) specification of the flash temperature effect in the contact zone, d) proper time step selection in DEM analysis 
and improvement of the incremental numerical procedures. 
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